Problem Set #7, Question 2

In this problem you were asked to derived the von Neumann stability criterion for the first upwind
differencing method (FUDM). Following the derivation in Roache (1998) we will break this prob-
leminto two parts. First wewill derive the stability criterion for FUDM diffusion-only and then we
will derive FUDM advection-only. This approach is generally without difficulty, however, Roache
does warn that sometimes thisis not the case (see Kasahara, 1965).

Remembering that the partial differential equation for the advection-diffusion equation is:

A (Kza—c>, (PSO7_2-1)
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in one-dimension. The advection-diffusion equation recast in the FUDM finite difference formis
given by:

Ot = O — e (O = Oy ) + d (CFy + Oy —207) (PS07_2-2)
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FUDM Diffusion-only stability

This derivation is no different from the derivation we arrived at in the class notes for the forward
time centered space (FTCY) finite difference scheme. But we will do it here to get warmed up.

First, consider the instabilities we observed in the FTCS example in the class web notes. They
looked alot like an oscill oscope trace, which immediately put usin aFourier frame of mind, didn’t
it? However, in this particular case we will be doing our Fourier analysisin space rather than time.
This does not present a problem as we can easily substitute wavenumber for frequency and then
we can write, for one Fourier component,

cor o= Vnelikan:
Cry = Vyellithhete
Cly = Vpellmhikede (PS07_2-4)
Cvin—&—l — Vn+1elikxAx
where:
2
k= 28 (PS07_2-5)
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is the wavenumber, the inverse of the wavelength (A). Here I = «/—1, asmall break with tradition
because we use the i to represent different grid points.
Now if we multiply the wavenumber by the grid spacing we create an angle,

0 = k,Ax (PSO7_2-6)

If you think about it we think you can seethis, adistance per some wavelength. Putting this ¢ back
into the definitions of the Fourier component above we have,

Cr = Vel
Cin+1 — Vnel(iJrl)Q
Cry = Vpelt1e (PSO7_2-7)
Ol = Vel

Aswe say in the class notes on the web, you should get comfortable with these definitions because
you will be using them for the rest of this problem (and in your future von Neumann stability
anaysis).

Substituting this Fourier component into the diffusion-only part of equation PS07_2-2 we get
the following equation. Note: we will use just one Fourier component, but we could throw in the
required summation signs and add to the complexity of this equation to include all of the Fourier
components, but we wish to keep it simple for clarity’s sake and, as you will see in a moment, it
really isn’'t necessary.

Viae'® = Vel 4 d (V,e! T 41,6700 — 91/, ¢1) (PS07_2-8)
If we group the Vs and divide through by e/*, we get:

Vi1 = Vo [1+d (" 4+ e77 = 2)] (PS07_2-9)

We reduce this equation by applying the “well known trigonometric identity” ...you are uncertain
asto what this identity is? Consider:

e e —2=2(cosf — 1), (PS07_2-10)

if you don't believe us, we leave the derivation to you. However, applying this trigonometric
identity and alittle algebraic manipulation yields:

Vo1 = Vo [1 —2d (1 — cos )], (PS07_2-11)

and the reason for not worrying about all the Fourier components becomes clear: cos  can only
vary from negative one to positive one; for any Fourier component if one is stable, they all are
stable.

Now, if we think of equation PS07_2-11 as a relationship between the value at step » and the
next step n + 1 as an amplification relationship (amplify by afactor greater, less than or equal to
one), then we can rewrite equation PS07_2-11 as:
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VnJrl =GV, (PSO?_Z- 12)

and GG can be written as:;

G =gain = [1 — 2d (1 — cos0)]. (PS07_2-13)

Solong as G islessthan or equal to one, that particular Fourier component can not “grow” and the
numerical scheme will be stable. Thisis equivalent to writing:

IG? <1 (PS07_2-14)

or

—1<1-2d(1—cosf) <1 (PSO07_2-15)

Careful inspection of PS07_2-15 reveals that the right hand inequality will always be satisfied.
You can prove thisto yourself by considering the extreme values of the cos function. When cos ¢
isequal to -1, G will beequal to 1 — 4d and since d is always positive the right hand inequality will
hold. When cos 6 equals +1, G will equal 1 and all’swell. If we consider the left hand inequality,
certainly it holds for cos# equal to +1 (+1 > —1). And when we consider cos ¢ equal to -1, we
have —1 <1 —4dor:

d< % (PS07_2-16)
which isthe stability requirement for diffusion-only FUDM.

FUDM Advection-only stability

Now we shall address the stability requirements for FUDM in an advection-only sense. Thisis
a bit of a departure from the way we handled the FTCS analysis in the notes. There we did the
stability analysisfor FTCS by putting the Fourier component(s) into the full FTCSfinite difference
equation. But as you no doubt recall, we demonstrated that for a purely advective system, FTCS
was unconditionally unstable. . . which was considered not good. That led usto develop the FUDM
and if we cannot demonstrate that the FUDM is stable for some choice of parametersfor the purely
advective case, what's the point?

So, substituting a Fourier component into the advection-only part of equation PS07_2-2 we
obtain:

Viae'® = Vel — ¢ (Ve = Vel 0-09) (PS07_2-17)
for ¢ = “2 and u > 0. Grouping the V’s and dividing through by e’ yields:

Vi =Vo[l=c(1=e)] (PS07_2-18)

or
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Vit = GV, (PS07_2-19)

We have been here before. All we need do isto require |G|? < 1. Ahhhhhh, but wait a minute,
G isnow complex. All we need to do to evaluate |G|? is to multiply the complex conjugates (i.e.
x — Iy isthe complex conjugate of « + Iy). Having no fear, we press on:

IG|? = [1 - c—i—ce_m”2 <1

[1— ¢+ c(cosf — Isin)])?

[1— ¢+ ccosf — Icsinf])?

(1 —c+ccosf) — Icsinf][(1 —c+ ccos) + Icsinb)]

|
|
|
|
=
(

1—c+ccos)? + Rlcsind — Rlcsin — I sin? 0
= (1—c+ccosh)’+?sin?0 <1 (PS07_2-20)
where
R=(1-c+ccosb) (PS07_2-21)

representing a “real” number and making the equation compact enough to fit on the page. Now
to play the game of evaluating the expression at the extreme values of cos # and sin # we need to
expand PS07_2-20 out to individual terms... unless you are comfortable evaluating expressions
like (1 — ¢ 4 ccos#)* inyour head. Actudly it's not that difficult, but to be complete:

1
1 (PS07_2-22)

Here we have both cos 6 and sin # functions, but the extremes occur 90° out of phase with each
other. So,

(1 —c+ ccosh)® + sin 6

<
1—2c+c+2ccosf(1 —c) + c*(cos? 0 +sin®0) <

when 6 = 0:
1—2c+c+2c(1—c)+2(1+0) < 1
1—2c+c2+2c—22+2 < 1 (PS07_2-23)
1 <1
which istrue. When 6 = 7 /2:
1—2c+c+2c(0)(1—c)+20+1) < 1
1-2c+2 < 1
—2c+2% < 0 (PS07_2-24)
2¢ < 2
c < 1
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Which iswhat Roache got and what we were assuming in Lectures 15 and 16.
Now, we know that someone will ask, “what if § = 7/4 7 Well, let’s take alook. First of all,
remember that:

1 1
sin (E) =4/= and cos (z) =4/ (PSO07_2-25)

pushing onward then:

1—20—|—c2+2c<\/§)(1—c)+62 ( %) +< %)] <1

1-2c++V2c(1-c)+2 < 1

1-2c+*+V2e—V232+ < 1
c(-2+Vv2)+(2-v2) < 0 (PS07_2-26)

VT el <

22-v2) < c(2-v3
2 < ¢
c <

asbefore. And so we see that this stability requirement holds even for situations where ¢ has values
in between the extreme values.

Sincethiswasthe FUDM, it isimportant to say aword about the direction of «. You may recall
that the finite difference algorithm was dlightly different if the flow was in the other direction (we
have done the above analysisfor v > 0). For u < 0 the FUDM agorithm would be:

crtt=cp —c(Cr, —Cr) (PS07_2-27)

)

We think that if you look at equation PS07_2-17, PS07_2-18, and PS07_2-20 you will seethat in
the end the complex conjugate will have the other sign and the results will be dlightly different
looking, but in the end, the same. Consider adding the Fourier compnent:

Voae'® = Vel — ¢ (Ve 00 —v,e1) (PS07_2-28)
grouping the VV's and dividing through by e’ yields:

Vor = Vo [L=c (e = 1)] (PS07_2-29)

and now G looks like:

G=[1-c(-1)]. (PS07_2-30)
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Requiring |G]* < 1 leads usto:

GF = [[1-e(e"-1)]f
= |[1 = c(cosf + I'sind — 1)]|?
= [I+c—ccosf+ Icsinb|[1+c— ccosh — [csind) (PS07_2-31)
= (14 c—ccosf)® + Rlcsin® — Rlcsin + [*c* sin® 0

= (14 c—ccosf)® —c?sin*0

we skipped afew steps, but the derivation is essentially as before. Now without going through the
expansion (it really wasn’t necessary).

When6 =0

G2 = (14c—c(1) = (0)
=1 (PS07_2-32)

whichistrue, 1 < 1. When § = 7 /2:

= (1+c—c(0)) —c*(1)

= (1+¢?-¢

= 1+4+2c+2-¢ (PS07_2-33)
= 14+2¢c<1

c 0

IN

which we already knew to be true, because v < 0 and so ¢ = %’f < 0. But this doesn’t bound ¢
yet. So let’s consider:

G <1 (PS07_2-34)

isequivalent to:

1<G<1 (PS07_2-35)

if we use:

[1—c (e —1)]

14+ c—ccos + Icsinf (PS07_2-36)

IA A

When6 =0
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14+ ¢—c(1);e(0)
1. (PS07_2-37)

IA A

When 6 = 7/2:

1+c—c(0)+ Ic(1)

11+ c+ Icf?

(I14+c+Ic)(1+c—1Ic)

(14 ¢)? — I*¢? (PS07_2-38)
(1+c)*+c

1+2c+c+ ¢

1+ 2c+ 2¢2

2c?

C

1
—2c
-1

VAN VAN VANRR VAN VANRN VAN VAN VAN VAN

or —1 < ¢ < 0. Sincewe know ¢ < 0 this makes sense and if we were to multiply through by a
-1, we would get the same result we got before: 1 > ¢ > 0.
Now what about that pesky ¢ = 7/4? Well it's gritty, but consider:

G<1 (PS07_2-39)
[1 —c(cosf + Isinf — 1)]
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IN

1 2 c?
1—V2c+2c+(=——=+1|+—
V2e + c+c(2 \/§+>+2

2 22 2
1-V2e+2e+ 2 - 4242

= 2 2 2
L+c(2-V2) + ¢ (2—2)
2=V

C

A

IN

—c(2-V2)

-1

IA A

and we see that again we find the same result. For FUDM, then, when v > 0 stability requiresthat
0<c¢<landwhenu<0,—-1<¢<0.
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